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Abstract
In this work we present a systematic study of AdSd+1 loop amplitudes for gluons
and gravitons using momentum space techniques. Inspired by the recent progress in
tree level computation, we construct a differential operator that can act on a scalar
factor in order to generate gluon and graviton loop integrands: this systematizes
the computation for any given loop level Witten diagram. We then give a general
prescription in this formalism, and discuss it for bubble, triangle, and box diagrams.
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1 Introduction
The gauge gravity duality or the AdS/CFT is the correspondence between weakly coupled
theories of gravity in Anti-de Sitter space and conformal field theories with large N . This
correspondence provides a powerful framework to study quantum gravity on Anti-de Sitter
space[1–3]. Given the importance of this duality, a lot of effort has been invested to compute
tree level AdS scattering amplitudes in configuration space and Mellin space [4–18]. In
the recent years, there has been some renewed interest in computing CFT correlators in
momentum space [19–28, 28–43].1
However, most of the progress is largely focused on tree level results. AdS loop am-
plitudes pose difficult technical problems.2 In addition to the standard loop integrals, one
performs bulk integrals whose complexity is already comparable to loop integrals in flat
space. For a long time, there were very few loop-level results; however, some progress has
occurred in last few years. In [11, 58], Mellin amplitudes corresponding to loop Witten
diagrams in AdS were used to study analytical properties of such amplitudes. These papers
inspired the usage of CFT crossing symmetry [59] which lead to progress in computing loops
1There has also been recent results in p-adic space [44–46]. Additionally, because of translation invariance
momentum space is a natural choice for cosmological correlators. For some related recent papers, see [47–55].
2It is interesting to note that de Sitter loops are also conceptually difficult. For instance it was pointed
out in [56] that scale factor a(t) enters the logarithmic divergence. For some recent progress in de Sitter
loops, see [57]
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in AdS5 ×S5 [60–63]. Progress in the computation of scalar loop diagrams was performed
recently in [26, 64–66]. Some progress in studying unitarity in the context of AdS was carried
out in [58] and more recently in [67–69]. In [70], it was shown that higher-point diagrams
at one-loop may be written in terms of the 6j symbols of the conformal group. Similarly,
Mellin space pre-amplitudes and the pole structure of the result was investigated in [71, 72].
In [73, 74], 1-loop bubble diagram in spectral representation for a φ4 scalar was performed.
An algorithm which computes the one-loop Mellin amplitudes for AdS supergravity was
demonstrated in [75].3 Similarly cutkosky rules in CFT’s at both strong and weak coupling
is studied in [77].
Despite the aforementioned progress, work in loop amplitudes is still in a developing
stage. It was shown in [23–25] that higher point gravity and gauge theory tree amplitude
takes a simplified form with the judicious use of momentum space formalism. We view
our work as the natural extension of tree level results in gauge and gravity theory with
the usage of momentum space. We are inspired by the stunning progress in the study
of flat space S-matrix at loop-level which has revealed powerful mathematical structures
and remarkable physical insight. Many of the results in flat space loop calculations have
shown the connection between trees and loops [78, 79] and gravitational theories to gauge
theories [80], and the loop amplitudes also correspond to geometric structures [81]. Many of
these deep connections and powerful mathematical structures have occurred in the context
of gauge and gravity theory and with the usage of momentum space. We initiate this
investigation as we are interested in exploring whether the AdS loop level gauge and gravity
theory scattering amplitudes encodes analogous rich structures to flat space scattering
amplitudes.
Here is the organization of the paper. In section 2, we review the AdS momentum space
formalism on tree-level amplitudes for gauge and gravity theory and discuss the necessary
modifications to extend them beyond tree level computations. In particular, we manage
to write any loop-level Witten diagram as a differential operator acting on a scalar factor.
In section 3, we further discuss these scalar factors by providing implicit results for gluon
triangle and box diagrams and by going over the explicit computation of gluon bubble
diagram. We then conclude with future directions. Many technical details are collected in
appendices.
2 Momentum space formalism: review of tree level tech-
nology and extension to loops
We start by defining the bulk to boundary propagators4
tµ(z, ki) ≡ iµφd−2d−2(ki, z) , tµν(z, ki) ≡ iµνφd−4d (ki, z) (2.1)
3Also, for string theory corrections to such one loop amplitudes, see [18, 76]
4The polarization vector iµ also has color dependence but we suppress it and we work with color-ordered
gluon diagrams throughout the paper.
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where i labels different external legs and where we define
φµν (k, z) ≡
√
2
pi
z
µ
2 k
ν
2K ν
2
(kz) (2.2)
for convenience. We note that all propagators in this paper are in axial gauge, similar to
our previous work [23–25]. The bulk to bulk propagators read as
Gµν(k; z, z′) =Π(1)kµν
∞∫
0
pdp Φd−2d−2
[
k, p
z, z′
]
+ Π(2)kµν
∞∫
0
pdp
k2 + p2
p2
Φd−2d−2
[
k, p
z, z′
]
Gµνρσ(k; z, z′) =Π(1)kµνρσ
∫
pdpΦd−4d
[
k, p
z, z′
]
+ Π(2)kµνρσ
∫
pdp
k2 + p2
p2
Φd−4d
[
k, p
z, z′
]
+ Π(3)kµνρσ
∫
pdp
k2 (k2 + p2)
p4
Φd−4d
[
k, p
z, z′
]
(2.3)
where we define the shorthand notation
Φµν
[
k, p
z, z′
]
≡ (zz
′)
µ
2 J ν
2
(pz)J ν
2
(pz′)
k2 + p2 − i (2.4)
for brevity and where Π are projectors that depend on the vector kµ and the boundary
metric ηµν : we refer the reader to Appendix A.1 for the explicit form of any object without
definition in this section. We also note that we are working in the Poincaré patch of the
AdS with the metric ds2 = z−2 (dz2 + ηµνdxµdxν).
The relevant three and four point vertex factors for gluons and three point vertex factor
for graviton are as follows5
V µνρk1,k2,k3 ≡
iz4√
2
(ηµν(k1 − k2)ρ + ηνρ(k2 − k3)µ + ηρµ(k3 − k1)ν)
V µνρσ ≡ iz
4
2
(2ηµρηνσ − ηµνηρσ − ηµσηνρ) ,
V µνρσλκk1,k2,k3 ≡
z8
4
[(
kµ2k
ν
3η
ρλησκ − 2kµ2kρ3ηνλησκ
)
+ permutations
]
(2.5)
where the permutations in the graviton vertex are generated by the permutation group
element (k1k2k3)(ikm)(j`n) in cycle notation.6
At tree level, the expression for a gluon/graviton Witten diagram of m-external, n-
5The overall z4,8 factors follow from the inverse metrics that needed to be contracted with to write V in
contravariant form.
6See section 3.2.1. of [20] for the full contracted expression.
4
propagators, r 3-point vertices, and s 4-point vertices reads as7,8
WTreegluon =
∫ ∞
0
dz1
zd+11
. . .
dzr+s
zd+1r+s
m∏
a=1
tµa(z˜a, ka)
n∏
b=1
Gν2b−1ν2b(ẑ2b−1, ẑ2b, qb)
×
1+3(r−1)∏
c=1,4,7,...
V
ρcρc+1ρc+2
q′c,q′c+1,q
′
c+2
1+4(s−1)∏
d=1,5,9,...
V ρdρd+1ρd+2ρd+3 (2.6a)
WTreegraviton =
∫ ∞
0
dz1
zd+11
. . .
dzr
zd+1r
m∏
a=1
tµ2a−1µ2a(z˜a, ka)
n∏
b=1
Gν4b−3ν4b−2ν4b−1ν4b(ẑ2b−1, ẑ2b, qb)
×
1+3(r−1)∏
c=1,4,7,...
V
ρ2c−1ρ2cρ2c+1ρ2c+2ρ2c+3ρ2c+4
q′c,q′c+1,q
′
c+2
(2.6b)
where z˜i, ẑi ∈ {z1, . . . , zr+s} is determined by the topology of the diagram and where qi
and q′i are linear combinations of vectors ki, again determined by the topology. Also, the
sets {µ} ∪ {ν} and {ρ} are equivalent and they are contracted: the way which pairs are
contracted depends on the topology of the diagram too.
For loop diagrams, the only new ingredient is the integration of the loop momenta ` at
which the propagator momenta q and q′ are now implicitly dependent; for a Witten diagram
of u−loops, the expression simply reads as
W Loopgluon =
m∏
a=1
n∏
b=1
1+3(r−1)∏
c=1,4,7,...
1+4(s−1)∏
e=1,5,9,...
V ρeρe+1ρe+2ρe+3
∫ ∞
0
dz1
zd+11
. . .
dzr+s
zd+1r+s
tµa(z˜a, ka)
×
u∏
f=1
∫
dd`fGν2b−1ν2b(ẑ2b−1, ẑ2b, qb)V ρcρc+1ρc+2q′c,q′c+1,q′c+2 (2.7a)
W Loopgraviton =
m∏
a=1
n∏
b=1
1+3(r−1)∏
c=1,4,7,...
∫ ∞
0
dz1
zd+11
. . .
dzr
zd+1r
tµ2a−1µ2a(z˜a, ka)
×
u∏
f=1
∫
dd`fGµ4b−3µ4b−2µ4b−1µ4b(ẑ2b−1, ẑ2b, qb)V ν2c−1ν2cν2c+1ν2c+2ν2c+3ν2c+4q′c,q′c+1,q′c+2 (2.7b)
In [24, 25], one insight to simplify the computation was to rewrite the propagators as
differential operators acting on simpler propagators. Indeed, we observe that
Gµν(k; z, z′) = Dkµν
∫
pdpΦd−2d−2
[
k, p
z, z′
]
Gµνρσ(k; z, z′) = Dkµνρσ
∫
pdpΦd−4d
[
k, p
z, z′
] (2.8)
7At tree level, these quantities are not all independent and satisfy the equality m+ 2n− 3r − 4s = 0.
8One can modify the graviton Witten diagram by adding higher point interactions as well, yet in this
paper we stick to three point graviton interactions only.
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for
Dkµν ≡Π(1)kµν +
(
Π(2)kµν lim
k→0
)
Dkµνρσ ≡Π(1)kµνρσ +
(
Π(2)kµνρσ lim
k→0
)
+
(
Π(3)kµνρσ lim
k→0
∂k2
) (2.9)
with which eqn. (2.6) become
WTreegluon ∼Dm,n,rgluon
∫ ∞
0
dz1
zd+11
. . .
dzr+s
zd+1r+s
(
r∏
c=1
z4c
)(
m∏
a=1
φd−2d−2(ka, z˜a)
)(
n∏
b=1
∫
pbdpbΦ
d−2
d−2
[
qb, pb
ẑ2b−1, ẑ2b
])
WTreegraviton ∼Dm,n,rgraviton
∫ ∞
0
dz1
zd+11
. . .
dzr
zd+1r
(
r∏
c=1
z8c
)(
m∏
a=1
φd−4d (ka, z˜a)
)(
n∏
b=1
∫
pbdpbΦ
d−4
d
[
qb, pb
ẑ2b−1, ẑ2b
])
(2.10)
where we also used eqn. (2.1). Here the additional z4,8 factors come from the z−dependence
of three point vertices where the rest of the relevant factors are included in Dm,n,r.
The operator D above consists of contraction of tensor structures in the Witten diagram
but its details are not really important. The real importance of this form of the Witten
diagram is that it drastically reduces the number of integrations because it generates
the full Witten diagram by acting on a scalar factor with a differential operator whose
action simply consists of derivatives, limits, and contractions, all of which can be easily
automated in a computer algebra program. In contrast, symbolic integrations of interest
here are computationally costly and reducing the total number of integrations enables the
computations of higher order Witten diagrams in practice (see [23–26] for further details
with explicit results).
Once we move beyond tree level, the momenta q dependence of Dqµν and Dqµνρσ spoils
the nice separation of the scalar factor from the rest because we cannot take the differential
operator outside the loop momenta ` integral due to ` dependence of q. To circumvent this
problem, we present here an alternative representation for the propagators:
Gµν(k; z, z′) = D˜(a)vµν
[
(k · v)2
2!k2
∫
pdp
(
k2 + p2
p2
)a
Φd−2d−2
[
k, p
z, z′
]]
Gµνρσ(k; z, z′) = D˜(a)vµνρσ
[
(k · v)4
4!k4
∫
pdp
(
k2 + p2
p2
)a
Φd−4d
[
k, p
z, z′
]] (2.11)
for auxiliary polarization vectors v, where we define
D˜(n)vµν ≡
(
Π˜(1)vµν lim
n→0
)
+
(
Π˜(2)vµν lim
n→1
)
D˜(n)vµνρσ ≡
(
Π˜(1)vµνρσ lim
n→0
)
+
(
Π˜(2)vµνρσ lim
n→1
)
+
(
Π˜(3)vµνρσ lim
n→2
) (2.12)
in terms of the modified projectors Π˜. Likewise, we use these auxiliary vectors to rewrite
6
the tensor structure of three point vertex factors to be independent of k:
V µνρk1,k2,k3 ≡ V˜ µνρv1,v2,v3
[
iz4√
2
3∑
i=1
(ki · vi)
]
V µνρσλκk1,k2,k3 ≡ V˜ µνρσλκv1,v2,v3
z84 ∑
i=1,2,3
j=i mod 3
(ki · vi)(kj+1 · vj+1)

(2.13)
With these ingredients, we can rewrite eqn. (2.7a) and eqn. (2.7b) in a form similar to
eqn. (2.10):
W Loopgluon = D˜m,n,r,sgluon Mm,n,r,sgluon , W Loopgraviton = D˜m,n,rgravitonMm,n,rgraviton (2.14)
where D˜ carries all tensor structure information and whereM is simply a scalar factor. As
D˜ consists of derivatives, limits, and algebraic manipulations, it can be straightforwardly
and efficiently applied once the scalar factor is known. On the other hand, scalar factor has
all the integrations which are particularly challenging for symbolic arguments unless carried
out at specific conditions (such as gluons in AdS4). Therefore, in the rest of the paper, we
will focus on scalar factors.
3 Scalar factors for spinning Witten diagrams
The scalar factors for loop level Witten diagrams defined in eqn. (2.14) read as
Mm,n,r,sgluon ≡
u∏
f=1
∫
dd`f
∫ ∞
0
dz1
zd+11
. . .
dzr+s
zd+1r+s
1+3(r−1)∏
c=1,4,7,...
iz4c√
2
c+2∑
i=c
(q′i · v′i)
( m∏
a=1
φd−2d−2(ka, z˜a)
)
×
(
n∏
b=1
(qb · vb)2
2!q2b
∫
pbdpb
(
q2b + p
2
b
p2b
)ab
Φd−2d−2
[
qb, pb
ẑ2b−1, ẑ2b
])
(3.1a)
for gluons and
Mm,n,rgraviton ≡
u∏
f=1
∫
dd`f
∫ ∞
0
dz1
zd+11
. . .
dzr
zd+1r
1+3(r−1)∏
c=1,4,7,...
z8c
4
∑
i=0,1,2
j=(i+1) mod 3
(q′c+i · v′c+i)(q′c+j · v′c+j)

×
(
m∏
a=1
φd−4d (ka, z˜a)
)(
n∏
b=1
(qb · vb)4
4!q4b
∫
pbdpb
(
q2b + p
2
b
p2b
)ab
Φd−4d
[
qb, pb
ẑ2b−1, ẑ2b
])
(3.1b)
for gravitons, where qa (or q′a) is the momenta of the propagator a whose dependence on the
external momenta kb and the loop momenta `c is determined by the topology of the diagram
at hand. Likewise, ẑa, z˜a, and za are one of bulk points zi, where topology determines which
one they are.
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k k
|k + `|
z1 z2
|`|
k2
k3k1
|k2 + `| |`|
z1
z2
z3
|k1 + k2 + `|
k3k2
k4k1
|q1|
|q2|
|q3|
|q4|
z1
z2 z3
z4
Figure 1: Example of various gluon loop diagrams
3.1 Examples: Bubble, triangle, and box gluon diagrams
Despite the complicated look of the general form in eqn. (3.1), the scalar factors become
simple for particular Witten diagrams; for example, for the bubble diagram in fig. (1), we
have
M gluon
bubble
diagram
=M2,2,2,0gluon ≡
∫
dd`
∫ ∞
0
dz1
zd+11
dz2
zd+12
iz41√
2
iz42√
2
(
3∑
i=1
(q′i · v′i)
)(
6∑
i=4
(q′i · v′i)
)
× φd−2d−2(k, z1)φd−2d−2(k, z2)
(
(` · v1)2
2!`2
∫
p1dp1
(
`2 + p21
p21
)a1
Φd−2d−2
[
`, p1
z1, z2
])
×
(
((k + `) · v2)2
2!|k + `|2
∫
p2dp2
(
|k + `|2 + p22
p22
)a2
Φd−2d−2
[ |k + `|, p2
z1, z2
])
(3.2)
which can be reorganized as
M gluon
bubble
diagram
= −1
8
∞∫
0
p1dp1p2dp2
(∫ ∞
0
z1dz1φ
d−2
d−2(k, z1)J d−2
2
(p1z1)J d−2
2
(p2z1)
)
×
(∫ ∞
0
z2dz2φ
d−2
d−2(k, z2)J d−2
2
(p1z2)J d−2
2
(p2z2)
)
×
∫ dd`(` · v1)
2((k + `) · v2)2
(
3∑
i=1
(q′i · v′i)
)(
6∑
i=4
(q′i · v′i)
)
`2|k + `|2 (`2 + p21 − i)
(|k + `|2 + p22 − i)
(
`2 + p21
p21
)a1 ( |k + `|2 + p22
p22
)a2
(3.3)
where we can take
q′1 =q
′
4 = k
q′2 =q
′
5 = `
q′3 =q
′
6 = k + `
(3.4)
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Similarly, we can write down the scalar factors associated with the triangle and box diagrams
as follows.
M gluon
triangle
diagram
=M3,3,3,0gluon =
(
i√
2
)3 ∫
dd`f
∫ ∞
0
dz1dz2dz3
(z1z2z3)d−3
(
3∑
i=1
(q′i · v′i)
)
×
(
6∑
i=4
(q′i · v′i)
)(
9∑
i=7
(q′i · v′i)
)(
3∏
i=1
φd−2d−2(ki, zi)
)
×
(
((k2 + `) · v1)2
2!|k2 + `|2
∫
p1dp1
(
|k2 + `|2 + p21
p21
)a1
Φd−2d−2
[ |k2 + `|, p1
z1, z2
])
×
(
(` · v2)2
2!`2
∫
p2dp2
(
`2 + p22
p22
)a2
Φd−2d−2
[
`, p2
z2, z3
])
×
(
((k1 + k2 + `) · v3)2
2!|k1 + k2 + `|2
∫
p3dp3
(
|k1 + k2 + `|2 + p23
p23
)a3
Φd−2d−2
[ |k1 + k2 + `|, p3
z3, z1
])
(3.5a)
for
q′1 =k1 q
′
5 = q
′
8 =`
q′4 =k2 q
′
2 = q
′
6 =k2 + `
q′7 =k3 q
′
3 = q
′
9 =k1 + k2 + `
(3.5b)
and
M gluon
box
diagram
=M4,4,4,0gluon =
(
i√
2
)4 ∫
dd`f
∫ ∞
0
dz1dz2dz3dz4
(z1z2z3z4)d−3
(
3∑
i=1
(q′i · v′i)
)
×
(
6∑
i=4
(q′i · v′i)
)(
9∑
i=7
(q′i · v′i)
)(
12∑
i=10
(q′i · v′i)
)(
4∏
i=1
φd−2d−2(ki, zi)
)
×
(
((k2 + `) · v1)2
2!|k2 + `|2
∫
p1dp1
(
|k2 + `|2 + p21
p21
)a1
Φd−2d−2
[ |k2 + `|, p1
z1, z2
])
×
(
(` · v2)2
2!`2
∫
p2dp2
(
`2 + p22
p22
)a2
Φd−2d−2
[
`, p2
z2, z3
])
×
(
((`− k3) · v3)2
2!|`− k3|2
∫
p3dp3
(
|`− k3|2 + p23
p23
)a3
Φd−2d−2
[ |`− k3|, p3
z3, z4
])
×
(
((k1 + k2 + `) · v4)2
2!|k1 + k2 + `|2
∫
p4dp4
(
|k1 + k2 + `|2 + p24
p24
)a4
Φd−2d−2
[ |k1 + k2 + `|, p4
z4, z1
])
(3.6a)
9
for
q′1 =k1 q
′
5 = q
′
8 =`
q′4 =k2 q
′
2 = q
′
6 =k2 + `
q′7 =k3 q
′
9 = q
′
11 =`− k3
q′10 =k4 q
′
3 = q
′
12 =k1 + k2 + `
(3.6b)
3.2 Computing bubble diagram
Let us recall the scalar factor for bubble diagram from eqn. (3.3):
M gluon
bubble
diagram
= −1
8
∞∫
0
p1dp1p2dp2
(∫ ∞
0
zdzφd−2d−2(k, z)J d−2
2
(p1z)J d−2
2
(p2z)
)2
×
∫ dd`(` · v1)
2((k + `) · v2)2
(
3∑
i=1
(q′i · v′i)
)(
6∑
i=4
(q′i · v′i)
)
`2|k + `|2 (`2 + p21 − i)
(|k + `|2 + p22 − i)
(
`2 + p21
p21
)a1 ( |k + `|2 + p22
p22
)a2
(3.7)
for
q′1 =q
′
4 = k
q′2 =q
′
5 = `
q′3 =q
′
6 = k + `
(3.8)
The first piece in eqn. (3.7) can be computed analytically in terms of Appell’s hypergeometric
functions:9∫ ∞
0
zdzφd−2d−2(k, z)J d−2
2
(p1z)J d−2
2
(p2z) =
2
3d−5
2 Γ
(
d−1
2
) (
p1p2
k2
) d−2
2
pik2
F4
(
d
2
, d− 1; d
2
,
d
2
;−p
2
1
k2
,−p
2
2
k2
)
(3.9)
hence we have
M gluon
bubble
diagram
= −2
3d−8Γ
(
d−1
2
)2
pi2k2d
∞∫
0
dp1dp2p
d−1−2a1
1 p
d−1−2a2
2
[
F4
(
d
2
, d− 1; d
2
,
d
2
;−p
2
1
k2
,−p
2
2
k2
)]2
×
∫ dd` (` · v1)
2((k + `) · v2)2
(
3∑
i=1
(q′i · v′i)
)(
6∑
i=4
(q′i · v′i)
)
`2|k + `|2 (`2 + p21 − i)1−a1
(|k + `|2 + p22 − i)1−a2
 (3.10)
9Please see section A.2 for further details.
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which we can rewrite using the definition of q′ above as
M gluon
bubble
diagram
= −2
3d−8Γ
(
d−1
2
)2
pi2k2d
∞∫
0
dp1dp2p
d−1−2a1
1 p
d−1−2a2
2
[
F4
(
d
2
, d− 1; d
2
,
d
2
;−p
2
1
k2
,−p
2
2
k2
)]2
×
(
J v′1,v′4,v′3,v′6,v2,v2v1,v1,v′2,v′5 +
{
2J v′1,v′4,v′3,v′6,v2v1,v1,v2,v′2,v′5 + J
v′1,v
′
4,v
′
3,v2,v2
v1,v1,v′2,v
′
5,v
′
6
+ J v′1,v′4,v2,v2,v′6v1,v1,v′2,v′5,v′3
}
+
{
J v′1,v′4,v′3,v′6v1,v1,v2,v2,v′2,v′5 + 2J
v′1,v
′
4,v2,v
′
3
v1,v1,v2,v′2,v
′
5,v
′
6
+ 2J v′1,v′4,v2,v′6v1,v1,v2,v′2,v′5,v′3 + J
v′1,v
′
4,v2,v2
v1,v1,v′2,v
′
5,v
′
3,v
′
6
}
+
{
J v′1,v′4,v′3v1,v1,v2,v2,v′2,v′5,v′6 + J
v′1,v
′
4,v
′
6
v1,v1,v2,v2,v′2,v
′
5,v
′
3
+ 2J v′1,v′4,v2v1,v1,v2,v′2,v′5,v′3,v′6
}
+ J v′1,v′4v1,v1,v2,v2,v′2,v′5,v′3,v′6
)
(3.11)
where we have defined
J a1,a2,...,amb1,b2,...,bn ≡ (k · a1)(k · a2) · · · (k · am)
×
∫
dd`
(` · b1)(` · b2) · · · (` · bn)
`2|k + `|2 (`2 + p21 − i)1−a1
(|k + `|2 + p22 − i)1−a2 (3.12)
for convenience.
Evaluation of J a1,a2,...,amb1,b2,...,bn for generic a1,2 is somewhat complicated, however we can
simplify it by noting that only a1, a2 = 0, 1 are relevant which can be checked through
eqn. (2.14), eqn. (2.12) and eqn. (A.7). Therefore, we can make the replacement
J a1,a2,...,amb1,b2,...,bn → (k · a1)(k · a2) · · · (k · am)
×
(
δ0a1δ
0
a2
∫
dd`
(` · b1)(` · b2) · · · (` · bn)
`2|k + `|2 (`2 + p21 − i)
(|k + `|2 + p22 − i)
+ δ0a1δ
1
a2
∫
dd`
(` · b1)(` · b2) · · · (` · bn)
`2|k + `|2 (`2 + p21 − i)
+ δ1a1δ
0
a2
∫
dd`
(` · b1)(` · b2) · · · (` · bn)
`2|k + `|2 (|k + `|2 + p22 − i)
+ δ1a1δ
1
a2
∫
dd`
(` · b1)(` · b2) · · · (` · bn)
`2|k + `|2
)
(3.13)
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therefore the scalar factor for the gluon bubble diagram becomes sum of 48 terms, i.e.
M gluon
bubble
diagram
= −δ1a1δ1a2 (k · v′1) (k · v2)2 (k · v′3) (k · v′4) (k · v′6)
23d−8Γ
(
d−1
2
)2
pi2k2d
×
∞∫
0
dp1dp2
(p1p2)3−d
[
F4
(
d
2
, d− 1; d
2
,
d
2
;−p
2
1
k2
,−p
2
2
k2
)]2 ∫
dd`
(` · v1)2(` · v′2) (` · v′5)
`2|k + `|2
+ other terms (3.14)
In Appendix A.3 we go over how to do such volume integrals in great generality via stan-
dard QFT tricks; the final result in eqn. (A.29) reduces such involved integrals into various
products, summations, 1d definite integrals of rational functions, and set-partitioning, all of
which can be efficiently implemented in an algorithmic way in any computer computation
software such as Mathematica. Indeed, we can rewrite eqn. (3.14) with eqn. (A.33) as
M gluon
bubble
diagram
= −δ1a1δ1a2tkvi,v′i
id+1(d+ 4)Γ
(−d2)Γ(d+ 3)
kd−628−dpi1−
d
2 (d2 − 1)2
∞∫
0
dp1dp2
(p1p2)3−d
[
F4
(
d
2
, d− 1; d
2
,
d
2
;−p
2
1
k2
,−p
2
2
k2
)]2
+ other terms (3.15)
where tkvi,v′i is the overall tensor structure.
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The other terms in the equation above are of similar form as well: they will simply
have different overall-tensor-structure, and they may bring additional p dependent terms
inside the integration; however all of them can be computed using the same equation, that
is eqn. (A.29).
The remaining computation in eqn. (3.15) is intricate which involves integrating products
of hypergeometric functions, hence it is not sagacious to insist to work in non-specific
dimensions. However, the expression is very simple for specific d values; for example,
F4
(
d
2
, d− 1; d
2
,
d
2
;−p
2
1
k2
,−p
2
2
k2
) ∣∣∣∣
d=2n+1
n∈N
=
(
k4
k4 + 2k2(p21 + p
2
2) + (p
2
1 − p22)2
)n
(3.17)
with which the integration becomes doable with an appropriate regularization at any given
n.
10Its explicit form reads as
tkvi,v′i =
(k · v′1) (k · v2)2 (k · v′3) (k · v′4) (k · v′6)
k6
(
k−4 (k · v1)2 (k · v′2) (k · v′5)
− dk
−2
d+ 4
[
(k · v1)2 (v′2 · v′5) + 2 (k · v1) (k · v′2) (v1 · v′5) + 2 (k · v1) (k · v′5) (v1 · v′2)
+ (k · v′2) (k · v′5) (v1 · v1)
]
+
d
d+ 4
[
(v1 · v1) (v′2 · v′5) + 2 (v1 · v′2) (v1 · v′5)
])
(3.16)
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In summary, we observe that the loop-level computations become tractable in momentum
space in AdSd+1. Although we only illustrated the case for the gluons, the situation is similar
for gravitons as well; what is common in both cases though is the very technical nature of
the formalism that we unpacked above. However, the key point is that the computations
in each and every step is algorithmic and can be efficiently implemented in a computer
computation software. In particular, momentum space formalism along with the way we
decompose the Witten diagrams into differential operators and scalar factors effectively
converts a mathematically hard problem into technical yet computer-friendly computation
as the final result is simply derivatives and limits acting on a scalar factor which itself
is computed via products, sums, and list partitioning, and all of these can be efficiently
computed unlike a convoluted volume integral! The main result of the paper is therefore
the following prescription:
1. For any given Witten diagram, rewrite it as W = D˜M where the differential operator
D˜ is given in eqn. (A.7) andM in eqn. (3.1).
2. UnpackM depending on the topology of chosenWitten diagram as is done in eqn. (3.5)
for gluon triangle and box diagrams.
3. Rewrite the scalar factor such that it becomes of the form
M =
∫
dp1dp2 . . . dpm
(∫
dz1 · · ·
)
· · ·
(∫
dzn · · ·
)(∫
dd`1 · · ·
)
· · ·
(∫
dd`r · · ·
)
which can always be done in the current formalism (see eqn. (3.3) as an example of
this in case of gluon bubble diagram).
4. Replace radial integrals of the AdS (z-integrations) in terms of Appell’s F4 functions,
as is detailed in section A.2.
5. Replace `−integrations inM as given in. eqn. (A.29).11
6. With the replacements in the steps above,M becomes summation of bunch of terms
which involve products, summations, list partitioning, and p−integrations. In odd d
(such as the case for AdS4), the Appell’s F4 function becomes meromorphic in p hence
the p−integrations become straightforward (upto possible regularization).12
7. Apply the differential operator D˜ to the scalar factor M to obtain the full Witten
diagram: as this merely amounts to taking derivatives and limits of a factor composed
of summations, products, and list partitioning; all of these steps can be efficiently
done algorithmically.
11The u−integrations in eqn. (A.29) can be immediately carried out for numeric d values, but are not
generically doable if we keep dimension symbolic.
12It is an open question how one should proceed for even d. We believe it may be more efficient to compute
the Witten diagrams case by case for even d, contrary to our generic approach in this paper. Of course, our
formalism is perfectly fine and would be extremely generic if one could compute (or bypass) p−integrations
of Appell’s F4 functions.
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4 Conclusion
In this paper, we have studied a formalism to compute loop amplitudes in Anti-de Sitter
space in Fourier space for gauge theory and gravity loops in AdSd+1. In particular, we have
constructed a differential operator which can act on a scalar factor to yield both Yang Mills
and gravity loop correlators. In addition, we have presented a prescription which can be
automated in order to perform tensorial loop computations in Anti-de Sitter space. There
are myriad of interesting directions that one can pursue and we will list a few.
One of the main motivation of our work is to take the first step to connect AdS loops with
cascading number of new ideas and techniques that are emerging in flat space. For instance,
in [82], it was shown that n- particle massive Feynman integrals in arbitrary dimensions of
spacetime have nice geometric properties such as the connections with hyperbolic simplicial
geometry and the answer respects dual conformal symmetry. This method can be directly
applied to the computation of the above-mentioned AdS scale factor. Furthermore, we
want to stress that we are motivated to study gluons and gravitons in AdS as many of the
extremely powerful physical insights and mathematical structures in the last decade have
occurred in the study of the flat space S-matrix of gauge theory and gravity [81]. It is
tempting to contemplate if there are analogous geometric structures like the amplituhedron
that exist for loop amplitudes in Anti-de Sitter space.
Similarly, as in the context of Minkowski space, AdS loops can also be expressed in
terms of the special classes of multiple polylogarithms. In the context of flat space, there
has been progress in demonstrating that these complicated polylogs can admit a much
simpler analytic expression. The technology used is called the symbol map and this map
can capture combinatorial and analytical properties of the complicated Feynman integrals
[83]. In a related work [84], symbols were used to compute loop amplitudes in de Sitter
space. It would be natural to use these methods in the context of AdS loops. Likewise, it
would be intriguing to incorporate cutting rules in momentum space AdS in the study of
gluons and gravitons, and we are hoping to address it in a future work.
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A Technical details
A.1 Projectors and differential operators
In this appendix, we collect some of the technical details we skipped in main body. We first
note the definition of the projectors Π used in eqn. (2.3):
Π(1)kµνρσ =
i
2
(
Π(1)kµρ Π
(1)k
νσ + Π
(1)k
µσ Π
(1)k
νρ −
2
d− 1Π
(1)k
µν Π
(1)k
ρσ
)
Π(2)kµνρσ =
i
2
(
Π(1)kµρ Π
(2)k
νσ + Π
(1)k
µσ Π
(2)k
νρ −
2
d− 1Π
(1)k
µν Π
(2)k
ρσ
)
+
i
2
(
Π(2)kµρ Π
(1)k
νσ + Π
(2)k
µσ Π
(1)k
νρ −
2
d− 1Π
(2)k
µν Π
(1)k
ρσ
)
+
i
2
(
Π(2)kµρ Π
(2)k
νσ + Π
(2)k
µσ Π
(2)k
νρ −
2
d− 1Π
(2)k
µν Π
(2)k
ρσ
)
Π(3)kµνρσ =
i
2
(
Π(2)kµρ Π
(2)k
νσ + Π
(2)k
µσ Π
(2)k
νρ −
2
d− 1Π
(2)k
µν Π
(2)k
ρσ
)
(A.1)
and
Π(1)kµν ≡
ηµνk
2 − kµkν
ik2
, Π(2)kµν ≡
kµkν
ik2
. (A.2)
We likewise note the definition of the differential operators in eqn. (2.10):
Dm,n,rgluon ≡
1+3(r−1)∏
c=1,4,7,...
V˙
ρcρc+1ρc+2
q′c,q′c+1,q
′
c+2
(m+2n−3r−3∏
e=1,5,9,...
V ρeρe+1ρe+2ρe+3
)(
m∏
a=1
aµa
)(
n∏
b=1
Dqbν2b−1ν2b
)
Dm,n,rgraviton ≡
(
m+2n−2∏
c=1,4,7,...
V˙
ρ2c−1ρ2cρ2c+1ρ2c+2ρ2c+3ρ2c+4
q′c,q′c+1,q
′
c+2
)(
m∏
a=1
aµ2a−1µ2a
)(
n∏
b=1
Dqbν4b−3ν4b−2ν4b−1ν4b
)
(A.3)
where three point vertex factors V˙ are V with their z−dependencies stripped off!
The modified projectors for gluons are given as follows
Π˜(1)vµν ≡ −i
(
ηµν
∂
∂vρ
∂
∂vρ
− ∂
∂vµ
∂
∂vν
)
, Π˜(2)vµν ≡ −i
∂
∂vµ
∂
∂vν
(A.4)
and the modified projectors for gravitons are defined in terms of them:
Π˜(1)kµνρσ =
i
2
(
Π˜(1)kµρ Π˜
(1)k
νσ + Π˜
(1)k
µσ Π˜
(1)k
νρ −
2
d− 1Π˜
(1)k
µν Π˜
(1)k
ρσ
)
Π˜(2)kµνρσ =
i
2
(
Π˜(1)kµρ Π˜
(2)k
νσ + Π˜
(1)k
µσ Π˜
(2)k
νρ −
2
d− 1Π˜
(1)k
µν Π˜
(2)k
ρσ
)
+
i
2
(
Π˜(2)kµρ Π˜
(1)k
νσ + Π˜
(2)k
µσ Π˜
(1)k
νρ −
2
d− 1Π˜
(2)k
µν Π˜
(1)k
ρσ
)
Π˜(3)kµνρσ =
i
2
(
Π˜(2)kµρ Π˜
(2)k
νσ + Π˜
(2)k
µσ Π˜
(2)k
νρ −
2
d− 1Π˜
(2)k
µν Π˜
(2)k
ρσ
)
(A.5)
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where we use these modified projectors in eqn. (2.12).
We finally note the tensor structure of vertex factors given in eqn. (2.13):
V˜ µνρv1,v2,v3 ≡ ηµν
(
∂
∂(v1)ρ
− ∂
∂(v2)ρ
)
+ permutations
V˜ µνρσλκv1,v2,v3 ≡
(
ηρλησκ
∂2
∂(v2)µ∂(v3)ν
− 2ηνλησκ ∂
2
∂(v2)µ∂(v3)ρ
)
+ permutations
(A.6)
with which one can define the full modified differential operator D˜:
D˜m,n,r,tgluon ≡
1+3(r−1)∏
c=1,4,7,...
V˜
ρcρc+1ρc+2
v′c,v′c+1,v
′
c+2
1+4(t−1)∏
e=1,5,9,...
V ρeρe+1ρe+2ρe+3
( m∏
a=1
aµa
)(
n∏
b=1
D˜(ab)vbν2b−1ν2b
)
D˜m,n,rgraviton ≡
1+3(r−1)∏
c=1,4,7,...
V˜
ρ2c−1ρ2cρ2c+1ρ2c+2ρ2c+3ρ2c+4
v′1,v
′
2,v
′
3
( m∏
a=1
aµ2a−1µ2a
)(
n∏
b=1
D˜(ab)vbν4b−3ν4b−2ν4b−1ν4b
)
(A.7)
with which we write down the Witten diagrams in terms of the scalar factors in eqn. (2.14).
A.2 On integration of products of Bessel-type functions
We know in momentum space formalism that the bulk point integrals we need to compute
take the form ∞∫
0
zλ−1Eµ(az)Eν(bz)Eρ(cz)dz (A.8)
for three point interactions, where Ea(x) ∈ {Ja(x), Ka(x)}. In [85] Rice uses contour
manipulations to compute such integrals in terms of Appell’s hypergeometric function if
E = J , for which the result reads as
∞∫
0
zλ−1Jµ(az)Jν(bz)Jρ(cz)dz =
2λ−1aµbνΓ
(
λ+µ+ν+ρ
2
)
cλ+µ+νΓ(µ+ 1)Γ(ν + 1)Γ
(
1− λ+µ+ν−ρ
2
)
× F4
(
λ+ µ+ ν − ρ
2
,
λ+ µ+ ν + ρ
2
;µ+ 1, ν + 1;
a2
c2
,
b2
c2
)
for Re (λ+ µ+ ν + ρ) > 0 , Re (λ) <
5
2
, c > a+ b (A.9)
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Same result has been computed independently by Bailey in [86] who first uses hypergeo-
metric identities to derive
∞∫
0
zλ−1Jµ(az)Jν(bz)Kρ(cz)dz =
2λ−2aµbνΓ
(
λ+µ+ν+ρ
2
)
Γ
(
λ+µ+ν−ρ
2
)
cλ+µ+νΓ(µ+ 1)Γ(ν + 1)
× F4
(
λ+ µ+ ν − ρ
2
,
λ+ µ+ ν + ρ
2
;µ+ 1, ν + 1;−a
2
c2
,−b
2
c2
)
for Re (λ+ µ+ ν) > |Re (ρ)| , Re (c± ia± ib) > 0 (A.10)
and then uses analytic continuation from BesselJ to BesselK to get eqn. (A.9). The identity
he uses is
ipiJµ(z) = e
−ipiµ/2Kµ(−iz)− eipiµ/2Kµ(iz) ∀z > 0 (A.11)
and he argues that the transition is valid as the the integrand still converges. As zaKa(z)
better converges for z → ∞ and is still convergent for z → 0, we can replace zaJa(z) with
zaKa(z) where we can use the identity
Kµ(z) =
1
2
pi csc(piµ)
(
eipiµ/2J−µ(iz)− e−ipiµ/2Jµ(iz)
) ∀z > 0 (A.12)
which means
∞∫
0
zλ−1Jµ(az)Kν(bz)Kρ(cz)dz =
[
Γ(ν)Γ
(
λ+µ−ν−ρ
2
)
Γ
(
λ+µ−ν+ρ
2
)
23−λcλ
(
c
a
)µ ( b
c
)ν
Γ(µ+ 1)
× F4
(
λ+ µ− ν − ρ
2
,
λ+ µ− ν + ρ
2
; 1 + µ, 1− ν;−a
2
c2
,
b2
c2
)]
+ (ν → −ν)
for Re (λ+ µ± ν) > |Re (ρ)| , c > b > 0 , a > 0 (A.13)
A.3 Computing loop integrals via standard QFT tricks
In this appendix we will review the solution of loop integrals via Feynman parametrization,
a standard trick known from QFT. The general form of integrals of interest are
I =
∫
Rd−1,1
dd`
(` · v1) · · · (` · vm)
(a1 + (b1 + `)2) . . . (an + (bn + `)2)
`2j (A.14)
which can be parameterized with the Feynman trick as
I = (n− 1)!
∫ 1
0
du1 . . . dun−1
∫
Rd−1,1
dd`
m∏
a=1
(` · va) `2j[
n∑
k=1
uk(ak + (bk + `)2)
]n (A.15)
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for
un ≡ 1−
n−1∑
i=1
ui (A.16)
We can then use
n∑
k=1
uk(ak + (bk + `)
2) =
(
n∑
i=1
ui
)[(
`+
∑
uibi∑
ui
)2
+
∑
ui(ai + b
2
i )
(
∑
ui)
− (
∑
uibi)
2
(
∑
ui)
2
]
(A.17)
and shift the integration parameter to obtain
I = (n − 1)!
∫ 1
0
du1 . . . dun−1
∫
Rd−1,1
dd`
m∏
a=1
(
` · va −
n∑
i=1
uibi · va
)(
`−
n∑
i=1
uibi
)2j
[
`2 +
(
n∑
i=1
ui(ai + b2i )
)
−
(
n∑
i=1
uibi
)2]n (A.18)
which we can rewrite as
I =
j∑
α=0
j−α∑
β=0
∑
i1=0,1
i2=0,1
...
im=0,1
(n−1)!
∫ 1
0
du1 . . . dun−1c
α,β
i1...im
∫
Rd−1,1
dd`
m∏
a=1
(` · va)ia
(
` ·
n∑
i=1
uibi
)α
`2β[
`2 +
(
n∑
i=1
ui(ai + b2i )
)
−
(
n∑
i=1
uibi
)2]n
(A.19)
for
cα,βi1...im ≡ (−2)α
(
j
α
)(
j − α
β
)( n∑
i=1
uibi
)2j−2α−2β m∏
a=1
(
−
n∑
i=1
uibi · va
)1−ia
(A.20)
We note that the integrand is a function of `2 only except for (` · va)ia
(
` ·
n∑
i=1
uibi
)α
where the exponents are integers, hence the Lorentz symmetry allows us to make the
replacements
`µ1`µ2 . . .`µ2n+1 → 0
`µ1`µ2 . . .`µ2n →
`2n
n∏
k=1
(d− 1 + (2k − 1)!!)
∑
p∈P 22n
∏
{a,b}∈p
ηab (A.21)
where the sum is over all distinct ways of partitioning {1, 2, . . . , 2n} into pairs {a, b}, and
the product is over the pairs contained in p. For example,
`µ`ν → `
2
d
ηµν
`µ`ν`ρ`λ → `
4
d(d+ 2)
(ηµνηρλ + ηµρηνλ + ηµληνρ)
(A.22)
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We can now reexpress eqn. (A.19) as
I =
j∑
α=0
j−α∑
β=0
∑
i1=0,1
i2=0,1
...
im=0,1
(n− 1)!
∫ 1
0
du1 . . . dun−1c
α,β
i1...im
∑
p∈Pαi1...im
∏
{x,y}∈p
(x · y)
(α+
∑
a ia)/2∏
k=1
(d− 1 + (2k − 1)!!)
×
∫
Rd−1,1
dd`
`α+2β+
∑
a ia[
`2 +
(
n∑
i=1
ui(ai + b2i )
)
−
(
n∑
i=1
uibi
)2]n (A.23)
where Pαi1...im is the list which has the element va ia times, and the element
n∑
i=1
uibi α times;
for example
P11,1 =
{
v1,v2,
n∑
i=1
uibi
}
, P21,0,1 =
{
v1,v3,
n∑
i=1
uibi,
n∑
i=1
uibi
}
(A.24)
Note that the partitioning of p ∈ Pαi1...im is only possible if P has even number of elements,
hence ∑
p∈P11,1
∏
{x,y}∈p
(x · y) = 0 (A.25)
whereas
∑
p∈P21,0,1
∏
{x,y}∈p
(x · y) = v1 · v3
(
n∑
i=1
uibi
)
·
(
n∑
i=1
uibi
)
+ 2v1 ·
(
n∑
i=1
uibi
)
v3 ·
(
n∑
i=1
uibi
)
(A.26)
This is just the realization of the fact that integration volume is invariant under ` → −`,
hence integrands with odd number of ` vanish.
We are now left with the `−integration in eqn. (A.23). To proceed, we first use the
well-known identity ∫
Rd−1,1
dd`
(2pi)d
1
[`2 −∆]n =
i(−1)n
(4pi)d/2
Γ(n− d/2)
Γ(n)
∆d/2−n (A.27)
which can be generalized as∫
Rd−1,1
dd`
(2pi)d
`2m
[`2 −∆]n =
m∑
k=0
∆−k+m
(
m
k
) ∫
Rd−1,1
dd`
(2pi)d
1
[`2 −∆]n−k
=
i2−dpi−d/2(−1)nΓ (n− d
2
)
Γ(n)
2F1
[−m, 1− n
d−2n+2
2
; 1
]
∆
d
2
+m−n
(A.28)
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We can now write down the final result:∫
Rd−1,1
dd`
(` · v1) · · · (` · vm)
(a1 + (b1 + `)2) . . . (an + (bn + `)2)
`2j = ipid/2(−1)nΓ
(
n− d
2
)
×
j∑
α=0
j−α∑
β=0
∑
i1=0,1
i2=0,1
...
im=0,1
2F1
[
−σ,1−n
d−2n+2
2
; 1
]
σ−β∏
k=1
(d− 1 + (2k − 1)!!)
∫ 1
0
du1 . . . dun−1
 ∑
p∈Pαi1...im
∏
{x,y}∈p
(x · y)
 cα,βi1...im∆ d2+σ−n
(A.29)
for
cα,βi1...im ≡(−2)α
(
j
α
)(
j − α
β
)( n∑
i=1
uibi
)2j−2α−2β m∏
a=1
(
−
n∑
i=1
uibi · va
)1−ia
σ ≡1
2
(
α +
m∑
a=1
ia
)
+ β
∆ ≡
(
n∑
i=1
uibi
)2
−
(
n∑
i=1
ui(ai + b
2
i )
)
un ≡1−
n−1∑
i=1
ui
(A.30)
where the set Pαi1...im is defined and detailed around eqn. (A.24).
As an example, we see that
∫
Rd−1,1
dd`
(` · v2)2(` · v3) (` · v4)
|k + `|2`2 = ipi
d/2Γ
(
2− d
2
) ∑
i1=0,1
i2=0,1
i3=0,1
i4=0 or 1 such that
i1+i2+i3+i4∈2N
2F1
[
−σ,−1
d−2
2
; 1
]
σ∏
k=1
(d− 1 + (2k − 1)!!)
×(k · v2)1−i1
4∏
j=2
(k · vj)1−ij (k · k)
d
2
+σ−2
 ∑
p∈P0i1i2i3i4
∏
{x,y}∈p
(x · y)
∫ 1
0
duu
d
2
+2−σ(u−1) d2−2+σ
(A.31)
for
σ = (i1 + i2 + i3 + i4)/2 (A.32)
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which then becomes∫
Rd−1,1
dd`
(` · v2)2(` · v3) (` · v4)
|k + `|2`2 =
id−1pi
d
2
+1 csc
(
pid
2
)
Γ
(
d
2
+ 3
)
Γ(d+ 2)
(
kd−4 (k · v2)2 (k · v3) (k · v4)
− dk
d−2
d+ 4
[
(k · v2)2 (v3 · v4) + 2 (k · v2) (k · v3) (v2 · v4) + 2 (k · v2) (k · v4) (v2 · v3)
+ (k · v3) (k · v4) (v2 · v2)
]
+
dkd
d+ 4
[
(v2 · v2) (v3 · v4) + 2 (v2 · v3) (v2 · v4)
])
(A.33)
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